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Abstract

is onc of the life hinit-
ing mechanisms for several classes of clectric
till' (Ist{!I’'s.  Since cathode crosion is strongly
dependent on the cathode temperatu re, a
guanit it ative understanding of the ceffects of
cathode operation 011 the cathode tempera-
ture is required. The development of a catl -
ode/plasm a interaction model for determin-
ing the heat loads to the cathode as func-
tions of the various free stream plasina pa-
rainctersispresented. Thismodel is combined
with a cathiode thermal modcel in order 10 pro-
vide a complete and integrated picture of high
current cathode operation. Several computa-
tional examples are used to illustrate the com-
bined model,

Cathode erosion

Introduction

Onc of the major issues for the use of clectric
propulsion thrusters is lifetime. Missions anialyses es-
timate that for electric propulsionto bea viable op-
tion, thruster lifetimes must be of the order of 1000
to 15,000 hours. Catliode erosion, one of the pri-
mary lifelilllitillg mechanising, has been shown to de-
pend strongly on the cathode teinperature [1]. There-
fore, part of this study is intended to provide a simn-
ple means of predicting the cathode temperature for
various thruster operating conditions. In addition,
the thermal characteristics of the clectrodes must be
kunownto compute the overal thruster therial loads
to the spacecraft. This model also provides the ap-
propriate boundary conditions at the cathode sur-
face for models of the operating characteristics of the
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thruster. For example, the current contours within
the magnetoplasiadynamic (MIPD) thruster cannof.
be specified independently of the cathode tempera
ture distribution because the majority of the current,
is from therimionic emission. Since the cathode model
boundary conditions also depend on the character-
istics of the main plasina, the two models must be
ultimately coupled to obtain an overall model of thie
cathiode region of the thruster.

Several different approaches have been takenin the
past to characterize the nature of the hiot-cathode arc
physics. Typically two models arc considered, one de-
scribing the plasina ncar the cathode and the other
madeling Of the thermal characteristics of the cath-
ode. Past works have focussed primarily 011 one or
the other of these models, but both arc needed since
they arc closely coupled. That is, the plasina model
provides the heat loads (boundary conditions) for
the thermal mmodel, and the thermal 1iodel provides
the surface temperature which strongly aflects the
plasma near the cathode through therinonic cmis-
sion,

Addition ally, an eleinentary approach to an overall
model is to consider an encrgy balance for the MPD
thruster[?]. Thedifliculty with this approach is in
determining the heat loads to the clectrodes which
are Lypically approximated as a simple fraction of the
electrical input power. That is, for a thruster oper-
ating at 100 kW of electrical power, 40 percent (or
40 kW) may belost as anode heating and 20 percent
(or 20 kW)inay be lost as cathode heatiug. This
approach can be useful for examining experimental
data. Shiliet al. [3] used calorimetry on the anode,
cathiode and plume to determnine the energy distribu-
tion within the MPD thruster. Thiey then, using the
input current, determined “equivalent voltage drops’



for the anode and cathode. That is, thermal chiar-
acteristics were used to help describe the discharg
characteristics.

A simple model of cathode sheath was developed
by Prewett and Allen to describe the double sheath
associated with a thermionically emitting cathode [4].
This model has been previously used to describe are-
jet [6) and MPD thruster cathode heating [6]. The
model developed by Sicgfried and Wilbur [7] com:
bines this sheath model [4] with an ionization zonc,
surface current aud energy balances, and empirical
relations for the flow field within the hollow cathode.
A shnilar model is presented by Salhi and Turchi 8],
except that the empirical model is replaced with an
isotherinal flow model.

Compared to the plasma, a thermal model of the
cathode is generally straight-forward but may be nu-
merically challenging. Simple one and onc-half di-
miensional {axial temperature distribution with radial
Leat inputs) models have been presented by Bade and
Yos[9] and Mchta[10]. Mehta’s model includes radial
convection and radiation, Ohmic heating, and con-
stant material properties (teinperature independent)
for specified tip and basc temperatures. Note that
neither of these models are capable of including radial
heat Joads from arc attachment. The model by Weng,
and Seldin [11] considers the axial and radial teiper-
ature distributions within the cathode of an clectric
steel furnace. While the thermal model may scemn
simple, numerical difliculties arise from the nonlin-
caritics, specifically, temperature dependent material
propertics, radiation, and arc heating.

Two simple models have been developed for the
combined (plasma-cathode heating) solution. Bade
and Yos[9] developed a model which coinbines a simn-
plificd sheath model with a siinple thermal model for
arcjet cathodes (arc attachinent at the tip only). The
model presented by King [12] for an MPD thruster
includes a shnplificd sheath model (neglecting, the
plasma clectron contribution) with a surface cnergy
balance. While this model is appropriate for high
cathode voltages, neglecting the plasma clectron con-
tribution can significantly aflect the resulls for low
voltages (< 10 volts) which are more appropriate for
steady-state MPPD thrusters.

Cathode Modcl

The cathode model cousists of two parts, namely

a near-cathode plasma model and a thermal model
of the cathode. The near-cathode plasina model con-
neets the properties of the main plasma with the cath-
ode. Specifically, given the plasina properties within
a mcan-free-path of the surface, the near-cathode
model predicts the heat flux and current density to
the cathode surface. With these boundary conditions
and the traditional thermal transport mechanisins,
the thermal model can predict the temperature dis-
tribution within the cathode. Because of the inter-
dependency of the two models, they must be solved
siimultancously.

Near-Cathode Plasma Model

Anillustration of the near-cathode plasinmais shown
in Fig. (1). The Debye length, mcan free path,

Figure 1: Near-cathode plasma regions.

and thermal, coucentration and momentum bound-
ary layers arc represented by Lp, Le and Lycom
respectively. For this study, only the surface, sheath,
presheath and ionization regions are modeled. The
relative magnitudes of the ion and plasina clectron
currents differ iu cach of the near-cathode regions. In
the main body of the plasina, the current is predom-
inantly carried by the electrons, while in the sheath
region the ion current may dominate.  To match
these regions an jonizalion region {(which produces
the required number of ious for the sheath region)




is required hetween the sheath anid thic main plasima
body. Similarly, a recombination region exists at the
cathode surface to produce a transition to pure clee-
tron cond uction in the solid. At the surface, ions are
also converted to neutrals, which thienireturn to the
plasia. Each of the regions will he briefly discussed
in the following scctions. A complete description of
ca ch region modcl, the overall near-cathode plasma
model and sample solutions are given in Ref. [13].

Cathode Surface/Recombination Region

11 general the catliode surface is characterized by
the material, the surface finish anid the temperature.
For this model, the recombination region is assu med
to be infinitesimially thin and is considerced as a sur-
face cffect. Incideut particles from the sheath heat
the surface while emitted particles cool the surface.
The energy balance at the surface balances the energy
deposited and removed by thie particles with hieat con-
duction into the solid, and radiative, convective and
mass (surface crosion) transport to the surroundings.
The net heat flux to the surface due to the plasina is
given by
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and the net current is given by
(2)

The fivst major termin q. (1) represents the energy
from the ions, the sccond terin fromn the plasma clee-
trons, the third terin from the thermionic electrons,
andthe fourth is the thermal energy reinoved by the
neutrals. Iu the jon term, the subterms represent
the energy gained from the voltage drop through the
sheath and presheath regions plus the energy result-
ing from the recombination of theions at the surface.
The plasina electron term contains the energy for con-
densation of arielect ron onthe material plus the ther-
mnal ener gy of the electrons. Note that this therinal
cncrgy contains two terms because only the tail elee-
trous Of the Boltzman n distribution are consider ¢d,
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The ret arding sheathpotential serves to reglect plasina
clectrons with insuflicient kinetic energy. Thie energy
fluxtothe surface is thercfore ob tained by integrating
over the population of clec trous that have suflicient
cnergy to overcome the sheath potential, resulting in
t he two terins showninIiq. (1) for the plasma clee-
tron thermal energy. Thie thermionic clectron terin
consists Of the energy required by an emitted elec-
tron to escapre from the surface work function bar-
rier plus its thermal cuergy. The surface is assuined
sufliciently rough to be fully acconnnodating so that
the emitted neutral flux is equal to the lon current
(Ji = €J%,¢). The emitted particles are assumed to be
Maxwellian with encrgics proportional to the surface
tetuperatu re. While the terins representing the ther-
mal energy removed by the thermionic electrons and
the neutrals arc small compared to the other terms,
they are not negligible and can be of the order of
tens of percent of the other terms under certain con-
ditions,such as low sheath voltages or for gascs with
low ionization potentials such as lithinm. In addition,
radiative and convective transport from the surface as
well as conduction into the material are also consid-
cred for the overallenergy balance, depending 011 the
specific problem. These effects arc includedin the
thermal model.

Ior high cathode temperatures, thermionie emis-
sion is the dominant current conduction mechanism
in the near-c athode region [12]. Thermionic emission
i s described by the einpirical Richardson -Dushinan
rclation shiown in Eq. (3). "Phe thermionic emission
is extremely sensitive to the values of the Richard -
son cocflicient, A, and the material work function
¢. A 1/2 ¢V change in work function can produce
more than an order of magnitude change in current
density.  The Richardson coeflicient and the work
function may also be temperature dependent. Past
authors usually model one of these parameters as a
function of the surface temperature while the other
remains constant{14]. In addition, the surface elec
tric field acts to cuhance the emission, a phenomenorn
known as the Schottky effect [15]. The effect is showi
as alowering of the mnaterial work functionin kq. (4),
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The magnitude of the electric field at the cathode
surface 1S primarily determined by the characteris
tics of the sheath region. 'Flie Schottky effect can
sig nificantly change the thermionic emission current
density. Yor the conditions of interest in this stu dy,
the Schiottky effect may change the work function by
several tenths of anclectron volt, resulting in signifi-
cant changes in the thermionic current.

Sheath Region

The sheath region is assurned t0 contain collision-
less particles with constant total cuergy (potential
plus kinetic). Three species are considered, namcly
monoencergetic thermionic (or beam) clectrons, singly
charged monoenergetic jons, and Maxwellian clec-
trons originating in the plasma [4] [6]. Yurther, the
sheath thickness IS assuined to be mucli less than the
Larmor radii of the particles, and therefore, magnetic
ficldcflcct.soil the particle trajectories are negligible.

The niodel developed hiere is similar to the one pre-
sented in Ref. [4] but also in clud es the thermal en ergy
o fthe th ermionic electrons, Ky, (= 27:/1;) , and uscs
a normalization such that the normalized thermionic
current density, Jp, is independent of the norialized
sheath voltage, 3.. Yor a stable sheath to occur, the
jons st enter the sheath with energies equal to or
greater than the Bohim mninimum energy [16]. The
ions here arc assmmned to enter the sheath with ener-
gics equal to the Bolim minimurn energy which is rep-
resented as the Bohin potential, V. The plasnia elee-
trons are assumed to be Maxwellian and referenced
t 0 the clectron density at the sheath edge. These
clectrons fall into two classes, narnely those with sul-
ficient kinetic energy to overcome the sheath retard-
ing potential and reach the cathiode surface and those
with insuflicient energy that are repelled back to the
main plasma. The corresponding flux of the high
cnergy eleetrons constitutes the plasma clectron cur-
rent. The one-dimen sional Poisson charge equation
is used to describethe eectric fild andthe electric
potential

The voltage at the sheath edge was set to zero as
a reference point and the clectric field is assu med to
be ¢, at the sheath edge. The sheath region model
provides a relation for the electric. field at the cathi-
ode surface given by I5q. (5). This equation is used
to compute the Schottky cflect and comnpletes the de-

script ion Of the thermionic emission current given in

Fq. (3) and Eiq. (4).
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Fxpressions for the normalized ion numnber density
and the normalized Bohm energy are given in Eq. (6)

and Eq. (7) respectively.
o RS W
vie - 1 Dy(e - Bae) M (6)
Neo
Vi vy
N, 7 Ay (7)
ke 2- J},(‘I}C - ]"‘bo)' 3/2

PIresheath and lonization Regions

The iounization and presheath regions connect the
sheath region with the maiu plasina body [9] [15)].
The purpose of the presheath region is to accelerate
the ions so that they enter the sheath region with the
minimun energy required for astable sheath (Bohi
encrgy) [I G]. For this niodel the presheath region is
combined with the jonization zo1 e by requiring that
ions leave the ionization region with the Bohm en-
ergy. ‘The ionization region gencerates the required
nunber of ion arid clectron pairs to match the sheath
and main plasia body values. An illustration of the
particles entering and leaving the ionization region is
shownin ¥ig. (2). The number density of the electron
andio n pars that cay | be produced by ionization is
determined by the energy balance. Since only singly
chargedions arc considered, the production rates of
the jons, 1, and the electrons, 1., are equal. Since
the cathode surface is assuined to be fully accommo
dat ing, the ion flux, ji/€, to the sheath and the flux
of ucutrals fromthe surface, ¥, ., ac cqual. The en -
crgy cquation in the lonization region can be written
as
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Figure 2: Nustration of ionizat ion region.

Thie predominant terins are the energy added to
the region by the thermionic clectrons, the encrgy
consu med by ionization, the energy removed by the
jons to the sheath, and the energy removed by the
plasina clectrons to both the sheath (third term) and
the main plasma (fourth term). The relative sizes of
the current densitics deterimine which energy removal
terin dominates. The energy equation can be normal-
ized inlo a trancendental equation of three variables,
1, Jy arid e [13].

Previous authors have used ashnpler forin of
Iq. (8),

Jo Ve = Ji G- ©)
That is, all of the encrgy gained by the thermionic
clectrons in the sheath is used to create i(ms[g] [1 5]
This equation provides an algebraic relation between
the sheath voltage and the thermionic current as com
pared to kq. (8) which is transcendental. Note that
although 1iq. (8) is more complicated than Eq. (9)
it dots not contain any new variables (including the
sheathregion).

Neumnaun considered argon and
helivm at 1 atm 18] A semi-infinite thoriated tung-
sten cathode (¢ = 2.6 ¢V, Az 1 Afcm?/K?), with
current densitics of 3536 to 3837 A/cin? with shcath
voltages of 31.09 and 4.66 volts, respectively, was an-
alyzed. Yor this range, the plasina electron current
ranges from negligible at 31.09 volts to 30 percent

of the total currentat4.66 voits, andthe products
inI2q. (9) range from 37.6 to 17.8 kW/cmn? respee-
tively. Clearly, the plasi na electron current canmot be
neglected for low- volt age situ ations.

There are upper and lower limits 011 the number
of ion/electron pairs in the ionization region. The
upper himt 011 the nnnber of possible tons produced

is set by the pressure assuming fully ionized plasma
(a: 1), givenin

1
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If thislimit is reached, the excess energy to the ion-
izationu region is assw ned to be dissipated in niodes
other thayionization or thermal energy. Similarly,
if the plasma is sufliciently ionized alrcady, then a
minimum nuinber of lons exist @ shown in
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That is, ion/eclectron pairs produced outside of the
jonizationregion arc used. 7Tlie jonization fraction
represents the number of ions per heavy particle (jons
plus neutrals). The values for the pressure and the
ionization fraction only aflect these limiting condi-
tions and have 110 eflect if the number of ious pro
duced is governed by the energy balauce. Iu other
words, if the number density calculated by the en-
ergy balance is lower than the minimuin value set
by the ionization fraction then the value set by the
Jonization fraction is used. Similarly, if the nmnber
density value from the energy balance is greater than
the value set by the pressure, the value caleulated
from the pressure is used.

There arc many other effects that have been ne-
glected in this formulation, for example, radiation
to/from both the main discharge andthe surface,
and noncquilibrium effects.  Also, theions within
au MPD thruster can achieve axial velocities greater
than 50 km/s which may significantly change the
ionization characteristics along the cathode from the
base to the tip.

Overall Near-Cathode Plasima Model
The surface, sheath and presheath /ionization re-

gion models arc combined to forin the overall near-
cathodc plasina model. The heat flux and the current



density to the surface are determined for values of the
clectron temperature, 7, the cathode temperature,
1., thesheath voltage, Vi, the pressure, I', theion-
ization fraction, a, the surface material, and the gas
type. While the normalized parameters are useful for
cxamining the characteristics of each region, they arc
not uscful for the combined 11 wdel. This is because
the term in the empirical relation for the thermionic
cmissioncurrcnt(](.ichardsol|»])uslnnancquat,iou) for
the Schottky eflect does not normalize 1 the same
manier as the other equations. Therefore the compu-
tations were perforined using the unnorinalized vari-
ables.

The relative values of the ion and plasma clee-
tron current arc predominantly determined by the
sheath volt age.  The heat flux to tile cathode sin -
face increases until the maximmumion munmber  density,
whicli is set by the pressure in the lonization region,
i s rcached, and then decreascs. For cathode temper-
atures below the peak, ion and plasma electron heat-
ing dominate, while for values above the peak the jon
and plasina clectron heat fluxes are approximately
constant. (A slight inercase in the 1on heat flux oc-
curs because the Bohm energy is weakly dependent on
the cathode temperature.) Therefore, the total heat
flux decercases because the thernmionice electron cool
ing cffect begins to dominate. I is thisset of curves
that forrus the boundary conditions for the thermal
model. The near-cathode plasiatniodel is most sensi-
tive to the material work function as expecteddue 10
the exponential nature of the Richardson- Duslunan
cquation,

Therimal Model

For a given set of boundary conditions, the therinal
miodel describes the teruperature distribution within
the cathode. There are several orders of approxima-
tion by which the thermal 11 1odel can be done rang-
ng from simple one- dimensional analytical inodels to
complex two dimensional (axisynunetric) nunnerical
ones. The nonlincarities of the ncar-cathode plasma
[1odel cati cause munerical difficulties for the therinal
model. Thie heat flux to the surface from the plasina
model is sensitive to ilic surface temperature. Thie
therial model must be resilient enough to landle
large boundary condition changes during the yumner-
ical iterations. While the simple models do not have
the capabilitiés for solving the probleins of interest,
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they provide useful insights into the solution trends
and provide good first approximations for the start-
ing conditions for the more advanced models.

One-Dinensional Models
The simplest thermal nodel is one-dimensional heat
conduction, given by

AC'k}A .
g= <M (T -

]’ tl ‘l)a'w(')

(12)
A dlightly more advanced thermalmodelincludes ra-
dial external heat removal where the cathode is as
suned to be uniformly cooled by conveetion (or lin -
carized radiation). Thesc models are often referred
to as ouc and one-half dimensional miodels. A cath-
ode with alarge length to diameter ratio, 1,/d, can
be eflectively modeled as an “infinite finy” with a heat
flux given by Fiq. (13) and the axial temperature dis
tribution by ¥iq. (14) [17].
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For cathodes with smaller 1./d ratios it is more ap-
propriate to specify cither the base temperature or
the heat flux from the base.  These models are
more appropriate for cathodes with water cooling at
their base, such as the cathode in the Stuttgart 771
thruster or the 31’1 cathode test facility (C1F) [18].
Solutions for other electrode base conditions can aso
be found in Ref. [17). While this model adds radial
heat removal, it is restricted to onc valuc for the heat
transfer cocflicient, heg, v- For anactual thruster, the
heat transfer coeflicient ay vary significantly along
the length of the cathode. These miodels provide a
good first approximation for arcs with only tip at-
tachient, such as arcjets.

For au accurate thermal model o f the MPD
thruster cathode, the olimic heating must be in-
cluded. Calculations for thelarge currents required in
MPD thrusters show that ohmic heating, is the dom-
inant electrode heating mechanism. For example, a
12111111 diameter tunugstencathode 651mmnlong pro
duces 1.4 kW by ohmic heating at 2000 A (p, = 60
x 1078 Q-n).

Teo) (13)

2) - CI'l-afec (14)




A onc and onc-half dimensional nuinerical sol ution
for acathode whichincludes radia radiation andcon-
veetion, and olinic heating, for a eylindrical rod with
a conical tip is presented in Ref. [10] for the stea -
state casc andin Ref. [19] for the transient case. This
model assut nes constant properties (convection coefli-
cient, cinissivity, therinal conductivity, and electrical
resistivity). Thie pairof sccolld-order ordinary difter-
ential ecquations are solved numnerically with consta nt
temperature boundary conditions at both ends. The
heat removal from the cathode base could be used
instead Of the base temperature depending on which
paramneter 1s kpowy. 1he equation for the cylindrical
portion is given hy
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for <z < 1where O = 7/Tip, 70/l and 7, is
the axial location of the nterface of the conical and
the eylindrical portions. The equation for the conical
portion is giveu by
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for () <2 <Z. 'Fhese sccond-order equat ions

canibe split into pairs of first-order cquations us-
ing the transformation } ', : 0 and Y, . (d0/d7).
These sets of first -order equations for this boundary
value problemare solved numerically using ashooting
techuique employing the fourth-order Runge Kutta

method coupled with the secant method. Note that

the equations in both Refs.  [10] and [19] contain
errors; the correct relationships are ac given here by
Fqns. 15 aud 16.

Solutions for a cathode witha 12 nin diameter and
65 i length are shown in Fig. (4) and ¥ig. (6) for
a eylindrical geometry slid in Fig. (5) and Fig. (7)
for the cylindrical cathode with a flattened conical
tip shown in Fig, (3) ("ip = 2 wan, aud g= 300).
Figures 4 and b show the tip surface heat flux as a
function of tip temperature with current as a param
eter. Positive heat fluxes indicate that the plasina is
heating thie cathode, As the current is increased the
allowable tip hicat flux is reduced because of the in-
creased Joule heatin 1g. Figures 6and 7 show the axid
temperature distributions within the cathodes for dif-
ferent current valuces, For t hiese cases, only convective

Figure 3: Nustration of a cylindrical cathode with a
flattencd conical tip.

cooling IS considered; that is, radiation is neglected
and the basce temperature s 1500 K. For the cylin-
drical geometry, the zero current case is the same as
the pin-fin case previously considered. The allowable
heat load to the cathode tip decreases with incercasing
current duc to the heat generation from oliiic heat-
ing. ¥or a given current value and tip temperature,
the allowable tip heat flux is further decrcased with
the addition of a conical tip to the cathode. This is
duc to the decrecased cross-sectional area and there-
fore the larger temperature gradient necessary for a
given heat flux.

The temperature distribution along the cathode is
strongly dependent on the current value as seen in



Figure 4: Heat flux as function of surface temperature  Pigure 6: Cylindrical cathode tewnperature distribu-
with current as a paramecter. tion with constant electrical resistivity.

Figure b: Heat flux as function of surface temperature  Iigure 7: Cylhindrical cathode temperature distribu-
with current as a parameter for a cylindrical cathode  tion with conical tip and with constant electrical re-
with a conical tip. sistivity.




figures 6 and 7. For large currents, the maximum
temperature within the cathode is not at the tip but
is towards themiddle, whichinay explain the MP1)
thruster cathode melting observed at the University
of Stuttgart [20]. This cathode apparently melted
internally and ruptured due to excessive Joule heat -
ing Jeaving an external bulge and an internal I ollow
arcaf[20]. Thic larger temperature gradients associated
with the conical tip can also be seen.

One significant improvement to this model is the
inclusion of temperature dependent electric.al resis-
tivity. While the thermal conductivity remains rela-
tively constant, the electrical resistivity changes sig-
nificantly over therange of temperatures expected for
these cathodes, as scenin Fig. (8) [21].

Figure 8: Therinal conductivity and electric.al resis:
tivity for tungsten as a function of temperature.

A lincar curve fit of the electrical resistivity pro
vides the relation

pe= (- 12457+ 0.0349-/ 7') x 10-8  (17)

andacurve fit of thethermal conductivity data yields

klh = 84.60 -4 77.76 (‘)\])(»7995 X 10" 4")

149.67 exp (- 5.026 x 10° *7) (18)

‘T'he linear resistivity can be substituted for the
constant value of peinlans. 15 and 16. This
change cansignificantly aflect the results for currents

Figure 9: Cylindrical cathode temperature distribu-
tion with temperature dependent electrical resistiv-
iy.

greater than 1000 A, as scenby comparing Fig. (6)
and Fig. (9).

It is therefore importaut to use the teruperature
dependent properties for high-current cases, while
the constant properties may be used for low-current
cases. Using constant properties will simplify the nu-
merical solution.

While these models arc adequate for simple cath-
ode geometries and boundary conditions (constant
values) they are not suflicient to fully model the cath-
ode charac teristics in electric thrusters. It is expeeted
that the plasina characteristics may chauge signifi-
cantly along the cathode, anid therefore the charac-
teristics of the near-cathode plasina model will be
significantly diffe rent.  Also, observations a JPI,
have shown severe melting for conical-tip cathode and
negligible melting with hemispherical-tip cathodes at
similar and higher power levels {22). A noddl ca-
pable of modecling a hamispherical-tipped cathode is
also uccessary.

Once and One-Half-Dimensional Finite Differ-
ence Thermal Model

Fxperiment al data suggest that for MPD thrusters
the arc attachment iay extend over a significant por-



tion of the exposed surface area [1]. Thercfore, the
thermal model must be capable of modcling ohinic
heating and arc attachiment over a range of axia po
sitious as well as the tip. These cathodes can operate
in cither the tip attachiment mode or a more diffuse
attaclinent, illustrated in¥ig. (10), depending 011 the
discharge pressure.

L ow Pn;:} v
- m&@f'
%ﬁwﬂy\\
H|.3L /)'('.§,>"U“(

-

Figure 10: MNlustration of high-pressure and low-
pressure cathode arc attachinent.

Temperature- dependent material properties are
also required dueto the large range of temperatures
experienced in the cathode. Yor this study, aone
and one-half-ditnensional finite difference model (ax-
ial temperature distribution subject to radial hound-
ary conditions) was developed. The model is capable
of variable geometries, temperature-dependent mate-
rial propertics, and multimode heat transfer (arc at-
taclment plus radiative and convective transport) at
any axid location. The cathode is discretized axialy
into a given number of cells. The steady state heat
cquation,

d (l]‘ dASlll‘f B (I‘/Ol )
da (k”'AC-da_) - d= Gswer -i'¢da =0,

(19)
is solved using central finite differencing for each cell
edgeandthemethod of dllc. cessil’ c-over- rclaxdtiolj to
solve the global set of equations.

The total current is deterinined by integrating the
current density values over the emitting surface. For
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conditions wliere the arc is attached over a major
portion of the cathode surface, andtherefore a large
range of cathode temperatures exists, the surface heat
flux can vary significantly. That is, because the cath-
ode surface temperature will change significantly, so
will the heat flux and the current density to the sur-
face.

Combined Thermal and Plasina Model
Solutions

The near-cathode plasima nodel and the cathode
thermal model are combined to forin an overall model
of the cathode-plasma interaction, Figure (1 1) shows
the heat flux and surface temperature relations for
both the near-cathode plasima model and the simple
heat transfer model (tungstenrod with a 12111111 di-
amcter and a 65 mm lenig th). Soluti ons exist at three
points; namely, at the origin (trivial solution) and the
two nounzero solutions where the curves intersect. Of
these, only the high temperature (fully ionized) so-
lution is numnerically stable. Therefore, the value of
the pressure is iiportant for this type of discharge
and the energy balance in the ionization region i s
not needed. The infinite fin solution is also shown in

Figure 11: Heat flux as function of surface terupera-
ture with thermalmodel solutions.

Fig. (11) for aconvection cocflicient of 5 W /cin? /K
and an envirommnental temperature of 500 K. Note



that for operation where only tip attachment occurs,
al combinations of the model parameters are not pos-
sible.

For the plasma conditions shownin Pig. (11) for
the one-dimensional solution of liq. (12),420 W were
applied at the cathode tip with a current of 502 A
and a surface temperature of 2700 1{. At these condi-
tions the ohmic hicating would be about 100" W. Note
that this eflect is not included ineither Fq. (12) or
Fq. (13). For the infinite fin solution, the heat load
is 1.0 kW with a current of 340 A and atip teinpera-
ture of 2620 K. For this case ohmic hicating would be
about 50 W. While Ohmic heating can be neglected
for the conditions used for theinfinite fin solution, it
should not be neglected for the conditions usedinthe
one-diieunsional case where Ohmic heating is compa
rable to the heal flux from the plasia.

Jor the special case where the arc only attaches at
the tip, such as for the arcjet, ascries o f solutions can
be reasonably determined. Yor a givenset. of tllcr-

mal characteristics (h conv, ke, 1, and A¢) for the

once-dimensional model, and given the plasma prop-
crtics, one can solve for the intercept point of the one-
dimensional thermal model and near-cathode plasina
model for the fully ionized (stable) case. The miodel
parameters can then be adjusted to examine their
cffec (s on thic solution.  For example, consider the
casc of zero heat flux to the surface from the plasina.
T'his special case docs not depend onthe type of ther-
mal model or onthe thermal model parameters, and
therefore provides a good reference point for exam-
ining the plasina eflects.  Generally, for cases with-
oul internal heat generation (one-ditensional ther-
mal model), the tip temperature solution will be
bounded by the poiut of maximuin heat flax (peak
of curve)and the zero heat flux solution. This range
of solutions canbe linited for certain combinations of
paramcters, for example, siall sheath voltages. That
is, the difference between the zero heat-flux teinper-
ature and the peak teinperature may be sinall. The
limiting tip temperature solutions arc shownin Figs,
12 and 13 as a function of the sheath voltage. Note
that two different shicath voltages can produce the
same cathode tip temperature and that a tempera-
ture miniimum exists. The decreasing temperature
with decreasing voltage for the large voltage range is
arcsult of decreasing ion energies. For stnall voltages,
the plasma electron heating becomes significant and
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Figure 12: Peak and zero point temperatures as a
function of normalized sheath voltage with work func-

tion as a paramcter

Figure 13: Peak aud zero point temperatures as a
function of normalized sheath voltage with pressure
as a paramcter.



dominates for very small voltages (< 4 volts). A min-
imum sheath voltage exists at the point where 7.
and Tyero are the same. This minhimum is not e
sainc as {he minimum discussed previously al thougl
the voltage values for both ay be sinilar. The tip
temperature is strongly dependent 011 hoth the pres-
sure and the material work function. Although a
three orders of magnitude change inpressure for a
specific thruster IS not probable, it is not inconceiv-
able for thematerial work function to change over
the range of 1 eV shown.

Plots of attachiment area as a fuuction of sheath
voltage can be scervin Fig. (14), and as a function of

tip temperatureinFig. (15). The same dua solution

Pigurc14: Arc attachiment area as a function of nor-
malized sheath voltage with work function as a pa-
rameter.

can be scen for attachiment area as for temperature
because the two arc related. As the sheath voltage
drops from a high value, the cathode temperature
decrcases because the ton energy transferred to the
surface is decreasing. T'he deerease in temperature
produces a comparable deercase in thermionic cur-
rent .
to maintain the same total current since Ji and Jb arc
both decreasing. The minimum in temnperature cor-
responds 1o the maximum in attachinent arca. As the
voltage is further decreased the temperature begins to
increase as the plasina electron heating becomes im-
portant. }ven though the plasina clectron current is

Therefore the attachment arca must incrcase

Figurelb: Arc attachment area as a function o f cath-
odc temperature with work function as a paramcter.

incr('asing;,t.lm therinionic current is increasing faster
and there fore the attachhinent area decreases. Figure
15 illustrates both solutions. For a given tip temper-
ature, two attachment area values may be possible
corresponding to two diflerent sheath voltages. The
sinaller attaclnnent area Will have the larger sheath
voltage. Also, for a givenattachment area, two temn-
perature solutions may be possible with the smaller
teinprerature corresponding to the larger voltage. The
aclual thruster may operate in cither the high-voltage
mode or the low-voltage mode depending on the spe-
cific discharge characteristics [23].1t is aso possible
for the discharge to trausition between these miodes.
The experiments may reveal which operational mode
dominates for a given set of operating parameters.

Comparison with experiments

An example solution using the finite difference one
and one-hall dimensional therinal nodel is compared
with experimental data in Fig. (16). For this exam-
ple, the arc attachinent was constrained to the re-
gion within & 1 of the tip (hemispherical tip). The
experimental temperature data were obtained from
Ref. [24]. Yor this case, the current was 22565 A,
ohmic heating produced 2.21 kW, the arc heat load
was 243 W, and the heats removed by radiation and
cooling a the cathode base were 1.56 kW and 898 W



Figure 16: Temperature distributions in MPD thruster cathode.
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respectively. Clearly, ohmic heating is the dominant
heating source. The tip teinperature was 3419 K. 1t
should be noted that the experimental current was
fixed for ounly about 2 minutes at cach condition.
Therefore, the cathode was not in thermal equiliby
rinm and the measured temperature profile may be
off slightly. Additional experimental data arc needed
for cathodes in therinal equilibrivin to verify the
model. Also, theabrupt change in the experimental
profile at alocation of about 30 nmunmay beducto a
change in the emissivily becausc of increased thorium
coverage and is therefore not an actual temperature
change [24]. This characteristic was observed at niany
diflerent test conditions.

Conclusions

An overall model describing the aperation of high
current cathodes has been developed.,  The model
combines a description of the near-cathode plasina
with a thermal model of the cathode. For the high
pressure discharges (about 1 atin) associated with
arcjel thrusters where the primarily attaches a the
cathode tip, ashinpler once-dimensional thermal model
can be used. For a given sel of operating parame-
ters, the overall Miodel predicts a range of operating
temperatures and arc attachinents areas for thistype
of discharge. Also, for a given set of operating con-
ditions, it is possible to have two different cathode
terperatures (with two different sheath voltages) for
a given altachn, arca, or vice Versa. Thisindi-
cales that there arc two operating modes for the arc
attaclment.

Yor low pressure disc. arges where the arc attach-
micnt is not confined to the tip region alone, a more
complicated therimal model is required. This model
must be capable of radial heat loads as well as axial
ones. Preliminary model results indicate that for this
type of operation, the temperature of the cathode
in the arc attachiment region is relatively constant.
Experimental data from University of Stuttgart also
shows this trend, indicating that the model is pro
viding an adequate description of the cathode arc
physics.
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1ist of Variables with typical units

A area (m?)

A Ricliardson cocflicient (A/m?/K?)

d cathode diameter (1)

¢ clectron charge (C)

r electric field (V/m)

Fyo Normalized thennionic electron
therimal energy

)4 particle flux (particle/s)

heone  therinal convection coeflicient
(W/m?/K)

1 total current (A)

J current density (A/m?)

Jb normalized thennionic current density

k Boltziman constant (J/K)

ken theral conductivity (\W/in/K)

L characteristic length {(m)

m particle mass (kg)

n nunber density (particle/mn®)

I pressure (1'a)

q heat flux (W/m?)

r radius (i)

Teyl cylindrical radius (1)

R, radius of arc attacluneunt spot (in)

g heat generated per unit volume (W /™)

1. temperature (K)

Teo environmental teinperature (K)

v velocity (111/s)

1% voltage (V)

Vol volume (m?®)

x position from cathode surface (in)

z position from cathode tip (1n)

7 normalized position from cathode tip

/1 norinalized position from cathode tip
to conical base

I ionization fraction

J¢] conical half-angle

14 norimalized electric field

G ionization energy (eV)

G permitivity of free space (C?/N/in?)

€ cimnissivity

i nornnalized voltage

Vi normalized lonization energy



Vi normalized 1on density at sheath edge
yn normalized Bolin energy
Pe electrical resistivity (£2- )
¢ work function (cV)
oy Stephen- Boltzmann constant
(W/m?/K*%)
0 normalized temperature
subscripts
b thermionic (beam) electron
base cathode base
B Bohmenergy value
¢ cathode surface
(: cross sectional
D Debye
e plasinaele ctron
of effective
el clectron-ion collision
I 10N
n neutral
) main plas ma
0 reference value
sh sheath edge
surf surface
Lip cathode tip
tot total
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